We investigate nonequilibrium excitations and charge transport in charge-neutral graphene driven with dc electric field by using the nonequilibrium Green's function technique. Due to the vanishing Fermi surface, electrons are subject to non-trivial nonequilibrium excitations such as highly anisotropic momentum distribution of electron-hole pairs, an analog of the Schwinger effect. We show that the electron-hole excitations, initiated by the Landau-Zener tunneling with a superlinear IV relation I ∝ E 3/2 , reaches a steady state dominated by the dissipation due to optical phonons, resulting in a marginally sublinear IV with I ∝ E, in agreement with recent experiments. The linear IV starts to show the sign of current saturation as the graphene is doped away from the Dirac point, and recovers the semi-classical relation for the saturated velocity. We give a detailed discussion on the nonequilibrium charge creation and the relation between the electron-phonon scattering rate and the electric field in the steady-state limit. We explain how the apparent Ohmic IV is recovered near the Dirac point. We propose a mechanism where the peculiar nonequilibrium electron-hole creation can be utilized in an infra-red device.
I. INTRODUCTION
As a prototypical monolayer material, graphene has attracted much attention in the past decade for its extraordinary mechanical and electronic properties [1] [2] [3] . The extraordinarily high mobility up to 10 5 cm 2 /V s and the current density up to 10 9 A cm −2 in graphene 4 make the system a prominent building element in nanoelectronics. The peculiar linear dispersion relation of the band structure at the charge-neutrality point has fascinated the physics community ever since graphene could be mass produced, due to its novel relativistic analog in a solid state system. The vanishing gap out of the honeycomb lattice has the most attractive aspects in both worlds of semiconductor and metal: the maneuverability of the semiconductor and the cleanness of metal.
Among many fundamental questions unique to graphene, we explore here the role of the Dirac point in electronic transport. The dc transport experiments have shown the electric current in graphene tends to saturate under a high electric field of several tens of kV/cm [5] [6] [7] [8] . Theoretical and experimental studies have indicated that the tendency is due to the interaction between electrons and optical phonons 5, 6, [9] [10] [11] [12] . Despite the progress, most theoretical studies have been limited to the Boltzmann transport theory and applied mostly to samples with high electron densities. We present a detailed study of electronic excitations and the transport close to the Dirac point by using the microscopic calculation based on the Keldysh Green's function method. We employ the formulation recently developed for the dissipative steady-state nonequilibrium under a dc electric field 13 , applicable for experimental dc transport measurements.
Recently, various transport mechanisms in graphene have been proposed. Boltzmann transport theory 5 and a streaming model 12 have been successful to describe the behavior of the velocity saturation in the limit of large current density. However, in the charge-neutrality limit, the peculiarity of the Dirac point demands proper quantum mechanical treatment of the nonequilibrium effects. It has been argued that the Landau-Zener tunneling 14 should play an important role in the nonequilibrium state near the Dirac point [15] [16] [17] [18] [19] [20] [21] [22] , where the electric field creates excitations in pairs of electron and hole, dramatically changing its equilibrium electronic properties. This effect can be considered a solid-state analog of the Schwinger effect [23] [24] [25] [26] . However, the main consequence from the theory on the current-voltage relation, I ∼ V α with the exponent α greater than 1, has been inconsistent with majority of the measured dc transport in graphene 6, 8, 27 where the current saturation gradually crosses over to a linear or marginally sublinear I-V relation (α ≈ 1).
To investigate the transport mechanism, we start from a conventional quantum mechanical tight-binding model for graphene lattice with coupling to on-site phonons to simulate the optical phonons. In addition, we implement the dissipation mechanism in the form of fermion baths 28, 29 to mimic the dissipation into an infinite medium which is essential to establish a rigorous steadystate nonequilibrium limit within the defined Hamiltonian. We use the Keldysh formalism 13 to obtain the steady-state Green's function (GF) and then transport quantities. The calculation confirms the semi-classical behaviors away from the Dirac point, predicted by the Boltzmann transport theory. In the charge-neutrality limit, the excitation population is linearly proportional to the electric field in the presence of the coupling to optical phonons, while the drift velocity saturates to about 50% of the Fermi velocity 8 . Despite the reversed role of the charge excitation and the drift velocity in the Drude metal, an apparent Ohmic relation I ∝ V is established. Furthermore, the electron-hole pair creation is strongly anisotropic occupying the same region of the momentum space in the upper and lower Dirac cones, which makes the system a strong candidate for an infra-red switching device.
The paper is organized as follows. In Sect. II, the model and the methodology are detailed. Especially, the construction of the lattice summation in the nonequilibrium Dyson equation is explained. In Sect. III, we first discuss the Landau-Zener effect in the absence of the optical phonons. We then discuss the effect of the phonons on IV -relation and the excitation distribution. We give detailed analysis and microscopic justification for the saturated transport limit through electron-phonon (el-ph) coupling. In Sect. IV, we summarize and speculate possible device application by exploiting the peculiar excitation spectrum in graphene.
II. FORMULATION

A. Model
We introduce a dissipative lattice model which consists of tight-binding Hamiltonian coupled to bath systems with open boundary. We solve the problem strictly within the given Hamiltonian according to the Keldysh formalism, and as established previously 13, [28] [29] [30] , the coupling to infinite degrees of freedom facilitates the infinitetime limit for steady-states under a dc electric field. We use fermion baths to mimic the continuous medium for Ohmic dissipation. We then include the inelastic scattering mechanism provided by optical phonons which will be shown to be crucial to understand the transport phenomena in graphene. Scattering due to Coulomb interaction is not considered in this work. While the Coulomb interaction effectively assists the relaxation of electronic energy and momentum on the femtosecond time scale, unlike electron-phonon coupling, its effect in graphene at the limit of strong dc electric field has not been established experimentally. We will come back to this point in Sect. III C.
The Hamiltonian is broken up as follows.
H TB is the tight-binding model of graphene defined on a honeycomb lattice as shown in Fig. 1 . H bath is the coupling to fermion baths, and H ph is the coupling to optical phonons. H E is the energy shift of the tightbinding and bath orbitals due to the external electric field E. The tight-binding Hamiltonian H TB is defined on a monolayer honeycomb lattice which is a system of interlaced triangular sublattices A and B as shown in Fig. 1 .
The Hamiltonian is written as
with the tight-binding parameter γ and the electron operator d r defined on lattice vectors r. The lattice summation is restricted to nearest neighbors, i.e., r and r should be on different sublattices. The tight-binding parameter γ is typically 3 eV for graphene 2 . We ignore the spin degree of freedom.
The coupling to the fermion reservoirs in the Hamiltonian, H bath , is of the following form
Here, we attach a fermion continuum to each fermion site r. c rα is the electron operator in the continuum at the r site with the continuum index α at energy α . For simplicity, we assume that the energy spectrum of α has a constant density of states. Then the hybridization of the r site to the reservoir is given by the damping parameter Γ as
. This provides a physical mechanism to dissipate excess energy created by external fields and enables a steady state with a finite current. The scattering time due to acoustic phonons scales linearly 31, 32 with electron energy and is up to about 5 ps −1 within the Dirac cone 12 , which corresponds to Γ/γ ∼ 5 × 10 −4 in our model. We emphasize that the dissipation of the model is not inside the leads, as often considered in nano-junction models, but comes from the bulk dissipation where the energy relaxation occurs over the whole system.
Electrons in the monolayer lattice interact with both acoustic and optical phonons. The former has zero energy gap and can be excited by arbitrarily small energy. In the low-field regime, interaction with acoustic phonons provides a fundamental channel of electronic scattering and energy dissipation. On the other hand, the optical phonons have a large gap ω ph and interact strongly with electrons only through higher-energy processes. It is argued that the dissipation by acoustic phonons is described by considering the exactly soluble fermion-reservoir model 28 . In the regime of small dissipation, this model reproduces successfully the Boltzmann transport theory and gives the correct linear response behavior 13, 29 . This motivates us to consider the graphene lattice coupled to fermion reservoirs at each lattice site.
In the strong-field transport, inclusion of inelastic scattering becomes crucial and we consider the optical phonons at frequency ω ph ≈ 150 meV ( = 1 unit is used) 11 . Each lattice site couples to an independent (optical) phonon bath with coupling constant g ep . The el-ph coupling takes the typical Holstein model as with a r being the annihilation operator of optical phonons at position r.
The last term in the Hamiltonian is the potential shift by the dc electric field. We choose the Coulomb gauge with the static potential −r · E (e = 1 unit is used).
The summation is over the sites r with infinite size lattice. We set the bath chemical potentials to match the level shift by the electric field, i.e., µ bath (r) = −r · E, so that each site is equivalent except for the relative energy shift. In the following discussions, unless specifically mentioned, we reserve the chemical potential notation µ to that in the zero field limit.
B. Recursion relations
To solve the model, we utilize the dynamical mean-field theory (DMFT) 33 within the Keldysh GF formalism, and ignore the intersite self-energy by the el-ph coupling 34 . In addition to that we keep the nonequilibrium GFs, the main difference from the equilibrium DMFT is that the lattice summation in the DMFT cannot be performed by a sum over wavevectors due to the bias potential. Although the lattice summation is possible by a brute-force matrix inversion in real-space, a much more efficient algorithm can be used in the spatially uniform limit, as proposed in Ref. 13 .
We note that the wavevector component p y perpendicular to the field E is a good quantum number, and we organize the Hamiltonian as depicted in Fig. 1 into zig-zag rows (dashed rectangle, indexed by ). We consider the hopping within the row parametrized by p y , and then exactly treat the inter-row hopping through the self-energy addition F ± (ω) from the (semi-infinite) upper rows and the lower rows, respectively.
To proceed, we diagonalize the Hamiltonian within the -th row with the Fourier transform d †
r , where the summation is limited to all atoms inside the -th row and with the sublattice index s = ± (or A/B). N y is the number of atoms in a row for normalization. We then obtain the transverse Hamiltonian per momentum p y :
The constant a y = √ 3a is shown in Fig. 1 . The longitudinal Hamiltonian is
Now the problem is reduced to solving an effectively onedimensional problem parametrized by p y , where a central row ( = 0) is connected to two semi-infinite chains with upper ( > 0) and lower ( < 0) rows via H TB, (p y ). Given p y , the GFs G ≶ (ω; p y ) at = 0 are expressed in the 2 × 2 sublattice space. By denoting the GF on the edge row of the semi-infinite chains as F ± (ω; p y ), we construct the (retarded) GF as
with a given local self-energy Σ r (ω) by using Dyson's equation 13 . The intra-row Hamiltonian matrix from Eqs. (6) and (5) is
The matrix v ± is to connect the sublattices via hopping
The GF on the semi-infinite chains F ≶ α (ω; p y ) is calculated recursively 13 . By exploiting the self-similarity between the edge and the next-to-edge rows, we have the relation
Similarly, the lesser GFs can be computed with the Dyson's equations 13 ,
We complete the DMFT loop in the usual manner. The local GF is defined as G loc (ω) = 1 Ny py G(ω; p y ). Once we have G loc (ω) and Σ(ω), we construct the (noninteracting) Weiss-field GF G(ω) as
for the retarded functions. Then the Weiss-field G(ω) is used to update the self-energy Σ(ω) which is then used to update the GFs again, as described so far. The procedure is repeated until a convergence is reached with the 1% variation of current between iterations. The self-energy has the contribution from the fermion baths and the el-ph coupling:
Within the DMFT, the self-energies are diagonal in the sublattice space. The self-energy by the fermion baths (at = 0) is given as
with the Fermi-Dirac function at the bath temperature. The bath temperature has been chosen as T bath = 0.01γ ≈ 350 K unless stated otherwise. For the el-ph coupling, we use the approximation that the phonon GFs are not dressed with the self-energy
the Bose-Einstein distribution and the phonon temperature T ph . We assume that ω ph T ph with ω ph ∼ 1500 K, and that the renormalization of the phonon is not strong.
This approximation is in line with the semiclassical pictures adopted in previous works 5, 6 . For very large electric fields, the physics may be affected by the hot (optical) phonons excited during the transport process. However, this effect is minimized if phonons are strongly coupled with the environmental bath, and lose energy immediately. This assumption is proven relevant when the graphene sample is in contact with a substrate which dissipates energy very efficiently, such as in the case of hexaboron-nitride 27 . In Sect. III. E, we estimate the hotelectron temperature T eff for a charge-neutral graphene in the range of ∼ 500 K, and we expect the phonon temperature T ph to be significantly lower than T eff and ω ph .
Using the above formulation, we directly simulate the nonequilibrium steady-state and compute the steadystate current under given electric fields. After the selfconsistent calculation is finished, the current density is calculated with the following definition 28 ,
We refer the readers to the literature for more details 13, 29, 30 . (b) µ = 0 and the "Fermi sphere" becomes pointlike. In this case, any finite field transport effect is of quantum mechanical nature and should be related to creation of particle-hole pairs. A jetlike distribution for both electrons and holes is created under a finite electric field in the charge-neutral limit.
III. RESULTS
A. Signature of Landau-Zener tunneling
We first consider the strong-field transport in graphene without optical phonon interaction. The transport behavior is quite different between the cases with zero and finite chemical potential µ. With µ > 0, a non-zero Fermi circle exists in the upper band, allowing the semiclassical Boltzmann transport theory to be applied: electric fields displace the Fermi circle in the field direction, as shown in the Fig. 2(a) . With a scattering-time τ , the Fermi circle is displaced by Eτ . A similar argument can be made for holes in the case of µ < 0. With µ = 0 the Fermi circle shrinks to a point, as in Fig. 2(b) , and the conventional linear-response theory does not apply. Near this point, an electric field excites electrons to the upper band, leaving holes in the lower band. These nonequilibrium excitations are initially driven by the LandauZener transition, and the electrons are accelerated by the electric field during the scattering time τ , resulting in a highly anisotropic excitation distribution. Physically, the steady-state current is established when the LandauZener tunneling and field-driven acceleration of electrons
Demonstration of Landau-Zener tunneling in graphene on the Dirac point. When the Dirac cone intersects with a plane of nonzero py, the excitations in the gapped quasi-one-dimensional dispersion relation is understood in terms of the Landau-Zener tunneling. Significant electronhole pairs are created for |py| ∆(E).
are balanced by electron-phonon interaction as well as other dephasing mechanisms. The excitation distribution in the momentum space forms streaking lines in the particle and hole cones along the direction of the field. This is a solid-state analog of the Schwinger effect 23 , a particle-antiparticle pair creation by an intense electric field with zero mass gap.
With an electric field in the x direction, the perpendicular momentum p y is a good quantum number and we analyze the excitations on the dispersion relation on a sliced cone at a fixed p y , as shown in Fig. 3 . At p y = 0, the dispersion relation is gapped with the charge gap 2v F |p y |. The transition of an electron from the lower band to the upper band due to a constant force field is described by the Landau-Zener tunneling with the transition probability γ LZ as
This suggests that electrons only with |p y | E/πv F ≡ ∆ 0 (E) are excited to the upper band [∆ 0 (E) is the width of the distribution under electric field E] with the subscript 0 referring to without phonons. On the other hand, the range of excitation of the longitudinal momentum p x is given by the lifetime of the excited electrons. The fermion bath provides the lifetime 28, 35 τ Γ = (2Γ) −1 and the range of p x for excited electrons become 0 p x Eτ Γ . Combining these observations, an ansatz is proposed for the momentum distribution for the excitations as
and the number of excited electrons n ex behaves as The excitation of holes has exactly the same distribution as the electrons, with the jet-like excitation on the same side of the momentum. Similar momentum distribution has been proposed in the streaming model 12 , where the Fermi sea is elongated in the direction of the field by Eτ . However, in the µ = 0 limit, a finite Fermi sea does not exist and this phenomenological approach does not provide any mechanism for the width of the stream.
This simple argument leads to a straightforward prediction of the I-V characteristics. In the limit of Eτ Γ ∆ 0 (E), the jet-like distribution is almost completely aligned with the electric field and the averaged velocity is close to v F , resulting in J ∝ n neq v F ∝ E 1.5 τ Γ , which is verified in Fig. 4 . In the absence of the el-ph coupling (g ep = 0), the J ∝ E 1.5 scaling law is shown (solid lines) with the power greater than 1 as the signature of Landau-Zener mechanism. The inset shows the collapse of data to the form J ∼ E 1.5 /Γ.
When the optical phonon interaction is turned on (g ep = 0), the superlinear JE relation becomes marginally sublinear. The strongly inelastic scattering by optical phonons reduces the current, as shown in Fig. 4(a) . It is interesting that the window for the J ∼ E 3/2 shrinks as the damping Γ is reduced as shown in Fig. 4(b) , whereas it may be naively expected that a clean limit (Γ → 0) may preserve the peculiar fractional power law. This can be explained as follows. In the small Γ limit, the electrons lifetime increases and the energy increase due to the acceleration v F (Eτ Γ ) reaches the optical phonon threshold ω ph at a smaller field E. This is consistent with the findings that the superlinear behavior is observed in low-mobility devices under dcelectric field 20 , as well as graphene samples excited by THz electric pulses 18 . In the clean limit, the observed JE relations remain close to linear in strong-field transport experiments 6, 27 . 
B. Steady-state current at large fields
Now we study the effect of optical phonon interaction more closely. Recently, the phenomena of current saturation have attracted intense interest. 7, 8, 10, 11, 36 It is found that the current saturation in graphene at high electric field depends on the optical phonon frequency ω ph and equilibrium current carrier density n eq . The former is a parameter independent of electric control, and the latter is controlled through the chemical potential µ. We are mostly interested in how the graphene behaves under different chemical potentials, especially when it is close to the Dirac point µ = 0. Figure 5 systematically shows calculated J ∼ E relations with a set of realistic parameters. In graphene, the tight-binding hopping parameter γ ≈ 3 eV and the optical-phonon frequency ω ph = 0.05γ ≈ 150 meV. These values are close to the empirical parameter used in previous works 8, 11, 12 . In Fig. 5 , the electronic current generally shows the tendency to saturate under high electric fields in the samples with relatively high equilibrium electron density. Previous semi-classical analyses 5, 12 have assumed that Fermi sphere is shifted by ω ph /v F , leading to an empirical formula of the saturated velocity,
where n eq is the equilibrium current carrier density. While this expression has been confirmed experimentally, the formula obviously breaks down when ω ph is too large or n eq is too small, since v sat can never be greater than v F . Our main interest is in the regime the approximation fails. Our calculations do not show true saturation of current and we derive the drift velocity according to a phenomenological model 11 : where χ 0 is the zero-field mobility. As verified in Fig. 5(b) , the extracted v sat follows 1/ √ n eq relation until the Dirac point is reached. Interestingly, recent measurements using short bias pulses 8 reported a similar range of the maximum drift velocity v d ≈ 0.5 × v F close to the Dirac point.
C. Evolution of momentum distribution under external field
To further understand the steady-state current due to the optical phonon scattering, we look at the evolution of momentum distribution n p under electric fields. The formulation is detailed in Appendix A. At µ > 0 a finite Fermi sea exists around the center of the Dirac cone, as shown in Fig. 6 for the current and momentum distributions. The Fermi sea is shifted along the field-direction when electric field is applied. However, at high electric fields, the Fermi sea stops to shift due to the strong relaxation by the optical phonons when electrons lose their excess energy to phonon baths. This is consistent with the semi-classical Boltzmann transport calculations.
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At µ = 0, as shown in Fig. 7(a) , the current increases almost linearly without saturation. To investigate the origin, we plot the electron excitation n ex and the drift 
with the angle θ between the field and momentum vectors, and the large momentum cutoff Λ p . It is clear that the drift velocity saturates at small field and the main contribution to the current J = n ex v d is due to the electron excitations linearly proportional to the field E. We emphasize that the drift velocity is evaluated by dividing the current by the excited charge out of neutrality, instead of the equilibrium charge n eq as often used in experimental estimates. Let us investigate more into the excitations in the momentum space. Figure 7(c) shares the characteristics proposed in Eq. (18) . However, coupling to the inelastic phonons results in important differences. First, as the electric field increases, the length of the jet stops growing but saturates to the length related to the phonon frequency, (p x ) max ∼ 2ω ph /v F with the center of distribution at ω ph /v F . Therefore, Eτ Γ in Eq. (18) is replaced by 2ω ph /v F . Second, the width of the distribution ∆(E) no longer follows the Landau-Zener form ∆ 0 (E) ∝ √ E. As the distribution saturates, the width ∆(E) gets smeared due to the local scattering by optical phonons, which can be summarized as
Due to the smearing of the momentum distribution with stronger el-ph scattering at high fields, the drift velocity is slightly reduced with a wider angular distribution in Eq. (22) , as shown in Fig. 7(b) . We now discuss the role of the electron-electron scattering in the I-V characteristics considered in this section 12, 37 . We expect that the qualitative nature of the charge excitations discussed above remain robust against the e-e interactions. Due to the momentum and energy conservation in the Coulomb scattering 38 in graphene, the phase space in the scattering process is strongly limited. Out of a jetlike distribution [see Fig.  7(c) ], intra-band scattering events with collinear incoming momenta will scatter into another pair of collinear momenta moving in the same direction, preserving the strong anisotropy of the distribution. Other interband ee interaction processes, such as carrier multiplication and the Auger process, should also be suppressed 38 in this case since they involve scattering electrons (holes) into fully occupied (empty) states. This argument does not apply in ultrafast measurements 22, 39 , in which electrons incoming with opposite momenta induced by oscillating field can scatter into any outgoing direction and relax to an isotropic momentum distribution.
D. Energy dissipation
To understand the strong-field IV relation at Dirac point with optical-phonon interaction, we look into the energy conservation law: the electric power JE is equal to the dissipation rate. In the case when the optical phonon scattering dominates at large E, the scattering rate is τ
and each scattering between an electron and optical phonon reduces the electron energy by ω ph . So the dissipation rate of nonequilibrium excitations is n ex ω ph τ −1 ph . The system at finite temperature can have a small equilibrium current carrier density n eq , but we will concentrate on the µ = 0 case where n eq ≈ 0, and the total electron density n tot ≈ n ex . We then have
The Θ Γ is the dissipation rate due to fermion reservoirs. In the following, we will focus on the case where Θ Γ is physically negligible. This approximation is tested in Fig. 8(a) , with τ ph being the scattering rate at ω = 0. The el-ph scattering rate τ −1
ph is given as a convolution of electron and phonon Green's functions and is thus proportional to the electron density. We show that
as in Fig. 8(b) , with the coefficient α explicitly calculated in Appendix B. It is shown both theoretically ph ∝ nex relation. In (a), the dots are total dissipation rate JE, and the dashed lines are the dissipation rates due to optical phonon emission, predicted by Eq. (24) . The predicted dissipation rate does not deviate much from the numerically calculated values at strong optical phonon interaction. We have assumed ω ph ≈ 150 meV and Γ ∼ 0.0001γ, which corresponds to τ and numerically that α is proportional to g 2 ep , given by α = πA c g 2 ep /2ω ph . The parameter α is independent of the electric field, and it can be evaluated experimentally at zero field by the line broadening of the electrons due to phonons.
A crucial step to understand the linear J-E relation is the relation n ex ∝ E. We may relate the el-ph scattering rate τ −1 ph in two different ways. One can argue that, in the high-field limit, the frequency of the el-ph scattering is determined by how fast the electron energy gained by the E-field reaches the optical phonon frequency, that is, with the average energy excitation at momentum ∆p [see Fig. 7(c) ] given as v F ∆p = v F Eτ ph ∼ ω ph , which leads to τ −1 ph ∼ v F E/ω ph . This result is consistent with a more careful analysis based on Eq. (24) . In the saturated drift velocity limit, the current J in the energy-conservation relation (24) is replaced by n ex v sat . We then re-derive
after eliminating n ex . By eliminating τ −1
ph from the Eqs. (25) and (26), we obtain
and the current-field relation immediately follows close to the Dirac point (after restoring the physical constants)
The saturated velocity has weak dependence on the electric field in the strong field limit. This result shows that the main electric field dependence originates from the charge excitation proportional to E. The formula (28) is compared against the numerical data (dots). vsat ∼ 0.5vF in the formula is extracted from the numerical data. The theory correctly predicts that the power of J-E relation is close to one, and quantitatively matches the numerical data. Bath temperature is set to 35K in this calculation.
is tested with numerical results in Fig. 9 . The parameter v sat is extracted from numerical calculations. In experiments, the formula may provide a way to extract v sat from the measured I-E relation in the presence of both optical phonon emission and Landau-Zener tunneling. Using the relation n ex τ ph = α −1 , the J-E relation can be cast in the usual Drude form as J = (n ex τ ph /m * )E with the effective mass m * −1 ∼ v 2 sat / ω ph for the driven Dirac particles, whose kinetic energies are of the magnitude of ω ph .
We reemphasize that, despite its similarity to the Ohmic law of simple metals, the origin of the above linear J-E relation is very different. In a simple metal, while the carrier density n eq is weakly perturbed by the electric fields, the drift velocity v d is proportional to the E-field. For the Dirac electrons in graphene, however, the role of the electric field is reversed: v d ≈ v sat ∼ v F at saturation while the nonequilibrium carriers density n ex ∝ E.
E. Effective temperature
A nonequilibrium effective temperature in a dctransport system is the direct consequence of the balance between the electric power and the energy dissipation. Here, we follow the procedure in Ref. 30 to define the effective temperature from the nonequilibrium distribution function
The nonequilibrium distribution function usually has a different functional form from the equilibrium FermiDirac distribution in which temperature is a well-defined parameter. To obtain a comparable nonequilibrium temperature parameter, we define the effective T eff from the When optical-phonon coupling is switched off, the sample with µ = 0.10t (away from the Dirac point) shows higher effective temperature due to higher current as well as Joule heating; however, optical phonon emission results in current saturation as discussed above, and the behavior of T eff becomes more complicated, with a crossover of T eff occurring at finite electric fields.
first moment of the distribution function,
Θ(ω) is the Heaviside step function. This definition is consistent with the Fermi-Dirac distribution at an equilibrium temperature.
With this definition, we plot the effective temperature in Fig. 10 . In the case of g ep = 0, effective temperature of the off-Dirac-point graphene is always higher than that of the on-Dirac-point system. This is because higher current carrier density results in higher current. The system with more current-carrying excitations create more Joule heating thereby the temperature is also higher. However, this is dramatically changed when optical phonon interaction is considered. In this case, the system with higher electron density still has higher electric current for all electric fields. However, at higher electric fields, the effective temperature of the off-Dirac-point system falls below the temperature of the Dirac-electron system.
To explain this crossover behavior, we note that the effective temperature is the measure of the amount of excitations. As the electric field increases, the el-ph coupling overrides the relaxation by the fermion baths. As we argued above, the energy relaxation by phonons is proportional to the electronic charge density, and at nonzero µ, the finite Fermi surface makes the relaxation more efficient, thereby cools the electron temperature more effectively than at the µ = 0 limit. The effective temperature is predicted to be in the range of 400-800 K in the realistic range of the electric field. [40] [41] [42] [43] [44] We note that recent works 27, 45 have reported much higher hot-electron temperatures in graphene systems.
IV. CONCLUSION
We have demonstrated that Dirac electrons in graphene become excited in a non-trivial manner and lead to a marginally linear dependence of electric current under a dc electric field, through microscopic calculations based on the Keldysh Green's-function theory. Inelastic scattering by optical phonons is shown to be crucial to produce the nonequilibrium charge excitation population n ex and the electric current linearly proportional to the external field, close to a Dirac point, as summarized as
with the saturated drift velocity v sat , the optical phonon frequency ω ph , and the coefficient α proportional to the el-ph coupling constant. The mechanism for this apparent Ohmic I-V characteristics in the Dirac limit is different from the conventional Drude model in that the linear dependence of the electric field comes from the nonequilibrium charge density instead of the drift velocity. This linear JE relation without saturation close to the Dirac point has been observed in clean graphene encapsulated by the hexa-boron-nitrides 27, 46 . Away from the Dirac charge-neutrality point, the conventional Boltzmann transport is recovered with the tendency for the current saturation with where the drift velocity is proportional to ω ph /n 1/2 eq with the equilibrium charge density n eq .
The electron-hole excitations at the charge-neutral point (µ = 0) are strongly anisotropic in the momentum space with the excited electrons and holes staying in the momentum regime of the same direction, an analog of the Schwinger effect in a solid state system. The inter-band creation of electron-hole pairs poses possibilities for optical applications. The continuous excitation energy up to the optical phonon energy of ∼ 150 meV can be used for infra-red optical devices, without any lower threshold. Most intriguing is the change of the coupling of the electron-hole pairs to photons upon switching of the bias. Close to the Dirac point, the wavefunction under dc electric field acquires extra phase oscillation due to the potential gradient which can strongly suppress the photon-generation. When the electric-field is turned off, the electron wavefunction becomes a plane-wave and the coupling to the photon field enhances roughly by the factor proportional to the length of the sample. This mechanism may be utilized in a fast-switching IR-optic diode.
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Appendix A: Momentum distribution of electrons
To compute the momentum distribution of electrons, we note that n p = −iG < p (t, t) = −i r exp(ip · r)G < r0 (t, t). We have used matrix-valued Green's functions and n p,ss = −iG < p,ss (t, t). Using the timetranslational invariance of the Green's functions, time t can be fixed as 0, so the momentum distribution is calculated as
where Σ < (ω) = Σ < Γ (ω)+Σ < ph (ω) is the total lesser self energy, including components from both fermion reservoirs and optical phonon baths. Now we shift ω → ω − r · E, and notice that G 
where we have defined G 
We define unitary transformation U p = ψ +,p ψ −,p , and transform the n p ,
Then the particle numbers for upper/lower bands arẽ n p,++ andñ p,−− . These equations will be useful to calculate the nonequilibrium momentum distribution. In our self-consistent calculations, the 2nd-order electron self-energy by the optical phonon interaction is given by
with coupling constant g ep . The approximation is made due to the nearly empty optical phonon bath, where phonons are rarely excited before the nonequilibrium excitations having energy close to the optical phonon energy. Then the scattering rate at ω = 0 becomes 
with the particle-hole symmetry in the spectral function A(ω) = A(−ω) and the distribution function f loc (ω) = 1−f loc (−ω) at the charge-neutrality point µ = 0. ρ(ω) = A(ω)f loc (ω) is the occupation density of electrons at frequency ω. As a first-order approximation, we again assume the jet-like distribution n p is uniform within a thin rectangular box aligned in the field-direction and zero outside the box, as in Eq. (23) . Note the number of excited electrons in the energy interval [ω, ω + dω] should be
This rectangle-shaped momentum distribution results in the uniform ρ(ω) ≈ ρ(ω ph ) when |ω| 2ω ph and zero otherwise. Then we have n ex = 2 dωρ(ω)/A c ≈ 4g v ρ(ω ph )ω ph /A c ,
with g v = 2 counting the valley degrees of freedom and A c = 
